In this paper, the concept of cone 2-metric spaces over Banach algebras is introduced and some existence and uniqueness theorems of fixed points for some mappings satisfying certain contractive conditions are established. As an application of one of the main results, an example is given at the end of the paper.
Introduction
The notion of -metric spaces can be dated back to the work of Gähler for  ≤ h < . Then T has a unique fixed point x in X and for every x  ∈ X, the iterative sequence {T n x  } converges to x. Besides, the following error estimate formula holds:
In , by defining the distance d(x, y) as a vector in an ordered Banach space E, Huang and Zhang [] introduced the concept of cone metric spaces and gave the new version of the Banach contraction principle in the setting of cone metric spaces. Since then, a few fixed point results have been proven on cone metric spaces (see [-] Enlightened by these thoughts, we define a new space in this paper, which is called the cone -metric space over a Banach algebra and prove some fixed point theorems of some mappings satisfying certain contractive conditions. Our main results extend Theorem . and Theorem . to cone -metric spaces over Banach algebras. Moreover, some frequently used conditions as the normality of a cone and the boundedness of a metric space are not needed in our results. In addition, the proofs of our results are quite different from those of some known results since a given pair of elements in a Banach algebra may not be compared.
Preliminaries
Let A always be a real Banach algebra, that is, A is a real Banach space in which an operation of multiplication is defined, subject to the following properties (for all x, y, z ∈ A, a ∈ R):
Throughout this paper, we shall assume that a Banach algebra has a unit (i.e., a multiplicative identity) e such that ex = xe = x for all x ∈ A. An element x ∈ A is said to be invertible if there is an inverse element y ∈ A such that xy = yx = e. The inverse of x is denoted by x - . For more details, we refer to [] .
The following several lemmas about spectral radius are needed in this paper.
Lemma . (see [] ) Let A be a Banach algebra with a unit e and x ∈ A. If the spectral radius r(x) of x is less than , i.e., 
Lemma . (see [] ) Let A be a Banach algebra and let k be a vector in
Now let us recall the concepts of cone and partial ordering for the Banach algebra A. A subset P of A is called a cone of A if:
(i) P is non-empty closed and {θ , e} ⊂ P; (ii) αP + βP ⊂ P for all non-negative real numbers α, β;
(iv) P ∩ (-P) = {θ }, where θ denotes the null of the Banach algebra A. For a given cone P ⊂ A, we can define a partial ordering with respect to P by x y if and only if y -x ∈ P. x ≺ y will stand for x y and x = y, while x y will stand for y -x ∈ int P, where int P denotes the interior of P. If int P = ∅, then P is called a solid cone.
In the following we always assume that P is a cone in A with int P = ∅ and is the partial ordering with respect to P.
Definition . (see [])
Let X be a non-empty set. Suppose that the mapping d : X × X × X → R + satisfies:
Definition . Let X be a non-empty set. Suppose that the mapping d : X × X × X → A satisfies:
(i) for every pair of distinct points x, y ∈ X, there exists a point z ∈ X such that Definition . Let (X, d) be a cone -metric space over the Banach algebra A, x ∈ X, and let {x n } be a sequence in X. Then:
(i) {x n } converges to x whenever for each c ∈ A with θ c there is a natural number N such that d(x n , x, a) c for all a ∈ X and for all n ≥ N . We denote it by Lemma . (see [] ) Let P be a solid cone in a Banach space A and let {x n } be a sequence in P. Suppose that k ∈ P is an arbitrarily given vector and {x n } is a c-sequence in P. Then {kx n } is a c-sequence.
Main results and proofs
In this section, we will give some fixed point theorems in the setting of cone -metric spaces over Banach algebras.
Proposition . Let (X, d) be a complete cone -metric space over the Banach algebra A and let P be the underlying solid cone in A. Let {x n } be a sequence in X. If {x n } converges to x ∈ X, then we have:
Proof The proof of this proposition is easy, so we omit it here. y, a) .
which together with Lemma . yields
. . .
. In this case, for all l < n, one has
It means that d(x n , x n- , x l ) = θ for all l < n. Thus, for n > m, we have
On the other hand, it follows from Lemma . and Lemma . that
Hence, from Lemma . and the fact that (e -k)
that, for any c ∈ A with θ c, there exists N ∈ N such that for any n > m > N , we have
So {x n } is a Cauchy sequence in X. As X is complete, there exists x ∈ X such that x n → x (n → ∞). We claim that x is the unique fixed point of T i for all i ≥ . In fact
Therefore, it follows from Lemma ., Lemma ., and Proposition . that (e -k  )d(g n (x), x, a) y m , where {y m } is a c-sequence in P. In this case, we have (e -k  )d(g n (x), x, a) c for any c θ , which together with Proposition . implies that θ d(g n (x), x, a) c for any a ∈ X, n ∈ N, and c θ as e -k  is invertible. Therefore, by Lemma ., d(g n (x), x, a) = θ for any n ∈ N. Namely, g n (x) = x for any n ∈ N. Suppose that y is another fixed point of g n in X, then
That is (e -k  )d(x, y, a) θ , which means d(x, y, a) = θ for any a ∈ X because of the invertibility of e -k  . So x = y. That is, the fixed point of g n is unique. As
. It is easy to see that T n (x) = x. Similarly, the uniqueness of the fixed point of T n can be proven.
Remark . If we replace the Banach algebra A with the real numbers field R in Theorem ., then we get a similar result as Theorem .. Moreover, it should be noted that, in this case, we do not need the bounded property of the underlying space (X, d), so Theorem . generalizes and extends Theorem .. Proof Note that r(k + k) ≤ r(k) <  according to Lemma ., so the proof is rightward from Theorem ..
Corollary . Let (X, d) be a complete cone -metric space over the Banach algebra
In the following, we will present some notations. Let a i , b i , x, y, k ∈ A. Write:
Lemma . (see [] ) Let A be a Banach algebra with a unit e, P be a cone in A, and be the partial ordering generated by P. Suppose that x is invertible and that x - θ implies x θ . Let λ ∈ P. If the spectral radius r(λ) of λ is less than , then for any integer n ≥ , we have λ n λ e.
Lemma . Let (X, d) be a complete cone -metric space, P be a cone in the Banach algebra
A and be the partial ordering generated by P. Let {x n } and {y n } be two sequences in X with lim n→∞ x n = x and lim n→∞ y n = y. Then for any c θ , there exists N ∈ N such that for any n > N , we have
Proof The proof is easy, so we omit it here.
Lemma . Let (X, d) be a complete cone -metric space over the Banach algebra A and P be the underlying solid cone. for an invertible k ∈ P with r(k) < . Then for any positive integers n and any x  ∈ X, the following assertions hold:
So (i) is true. From (i), we know that
We claim that ≤i,j≤n {d(
some  ≤ j  ≤ n; so the claim is true). As the procedure continues, we obtain
Otherwise, the claim is true. Besides, there exists  ≤ s < t such that
On the other hand, by Lemma ., we have
Also, we can get (k s- + · · · + k) (e -k) - in a similar way. So we have
In fact, we can obtain 
